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PACYET TEMIIEPATYPHBIX IIOJIEM B COCTABHOM NOJTYBECKOHEYHOM
TEJE C YYETOM OBOBIIEHHOI'O 3AKOHA ®YPBE

AHHOTAIIHA Paccmampusaemcs 3a0aua pacyéma memnepamypHulx noieil 6 COCmasHom noiybeckoneunom mene. B ka-
yecmee MoOenU NPUHAMO YPAGHEHUe MenionpoOOHOCHU ¢ OPOOHOU NPOUBOOHOU, KOMOPAs YHUmMsleaem HeloKaIbHOCHb
Mennosyix npoyeccos no epemenu. Ha epanuye nonocel u norynpocmpancmea npeononazaemcs uoednibHblii meniogol KoH-
makm. 3a0aua pewiena ¢ nomowpio npeodpaszosanus Janiaca. Ha ocHosanuu may6eposvix meopem noiyueHo acummonu-
yecKkoe peuierue 01 MAIblx 8pemén. Peulenue 3anucano 8 sude 0600uénnbix psaoos.

Knroueevie cnosa: ypagrenue menionposooHocmu, OpoOHAs NPOU3BOOHAs,, UOEATbHbII MENI0B0U KOHMAKN, npsiMoe u 00-
pamuoe npeobpazosanue Jlannaca, hynkyuu Maunapou.

V. YACHMENEYV, V. NIKOLENKO

CALCULATION OF TEMPERATURE FIELDS FOR THE COMPOUND SEMI-INFINITE
SOLID TAKING INTO CONSIDERATION GENERALIZED FOURIER LAW

ABSTRACT Temperature fields in extended solids and the solids that have symmetry can be described with a high degree of
accuracy by one-dimensional heat conduction equation. In this scientific paper the half-space with the layer is simulated
using one-dimensional compound bar and consideration is given to the problem of calculation of temperature fields in the
compound semi-infinite bar the finite and semi-infinite parts of which have different thermal physical parameters. The heat
conduction equation with the fractional derivative in time that takes into account the nonlocality of thermal processes in time
is taken as a mathematical model. Lateral surfaces of the compound bar are assumed to be heat isolated and one of the ends
of its restricted part maintains the constant temperature. It is assumed that the ideal thermal contact is available at the
boundary of bounded and semi-infinite parts of the bar. The solution of initial value-boundary value problem is based on the
use of direct and inverse Laplace transformations. The representation of obtained solution in images presents some difficul-
ties. This paper describes the asymptotic analysis of the solution provided that the orders of fractional derivatives in both
parts are equal and the variable s of Laplace transformations tends to infinity. In this case the inverse Laplace transfor-
mation was obtained using the so-called Mainardi functions. Based on tauberian theorems we can state that the obtained
solution can only be used for short times and it is represented as definite integrals of Mainardi functions or generally speak-
ing as generalized power series. In this form it can easily be used for engineering calculations.

Key words: heat conduction equation, fractional derivative, ideal thermal contact, direct and inverse Laplace transfor-
mation, and the Mainardi function.

BBenenne

Bricokas temmepaTypa rasa mepen TypOuWHON
OKa3bIBaeT HETAaTHBHOE BIIMSHHE HAa €€ KOHCTPYKTHB-
HBIE DJIEMEHTHL. B pe3ynpraTe HecTalOHApHBIX IPO-
[[ECCOB HArpeBa-OXJaXIEHUS B JETaSIX TypOWH BO3-
HHUKAIOT 30HBI ¢ OOJBIINMH TEMIEpaTypPHBIMU T'paju-
€HTaMH, 4TO NPHBOAUT K IOSBICHHUIO OOJBIINX TEM-
NEepaTypHBIX HANPSIKEHUN U, B KOHEYHOM CYETE, MO-
JKET NMPUBECTU K MOSABICHHUIO TPELIUH B JIONATKaX U
Jlake UX pa3pylICHUIO.

[t 60pbOBI ¢ 3TUMU SBICHUSIMU BEAYTCS Pa3-
paboTKM HOBBIX MAaTEpUaJIOB, B TOM 4YHCIIE MaTepHua-
JIOB O0JIAAIONTNX CIIOKHON BHYTPEHHEH CTPYKTYpOH.
ITox cnokHOM CTPYKTYpOH MBI MOHHMaeM (paKTaib-
HYH CTPYKTYpPY WJIHM CBOMCTBO HEJIOKaJIbHOCTH, T.C.
CBOMCTBO «ITaMSITH».

W3BecTHO, HampuMep, 4TO TOKPBITHE M3 Tpa-
(heHa CyIIECTBEHHO M3MEHSET TEIIIONPOBOIHBIE CBOM-
CTBa MOKPHIBAEMOr0 MaTepHUaa.

Brenpenne B pa3snuuYHBIX OTPACiAX MPOMBIII-
JICHHOCTH HOBBIX MaTEpHaloB, B TOM 4ucie, obnana-
oImx (QpakTaabHOH CTPYKTYpoit u 3 dekramu mamsi-
TH, NPHUBEIO K CO3JaHHMI0O HOBBIX MaTEMaTHUYECKUX

Mozenell A ONMMCaHUs MPOLECCOB TEIIONPOBOJHO-
CTH B 3THX MaTepHaax.

Yuér (hpakTadbHOCTH CTPYKTYPBI HJIH HEJO-
KaJIbHOM BPEMEHHOM 3aBUCUMOCTU MEKIY TEIIOBBIM
MIOTOKOM W TPAUEHTOM TEMIepaTypbl MPUBOIUT K
muddepeHMaIsHOMY  YpaBHEHHIO TEILUIONPOBOAHO-
CTH ¢ IpOOHBIMHU TIPOU3BOAHBIMH [1].

[Ipu BBIBOZE KJIIACCHUUYECKOTO YpaBHEHHs TeI-
JIOTPOBOAHOCTH [2]

ALY

fit w2’
P |
rae a° =— - kod(QQHIUEHT TeMIepaTypOIpOBOA-
cr

Hocty; | — koad¢wuimeHT TEronpoBoAHOCTH; © —
IUIOTHOCTh, HMCHOJIb30BaNiCS 3akOH Dypbe, KOTOPBIH
3a1aéTcs JTMHEHHOW 3aBHCHMOCTBIO MEXIY BEKTOPOM
TEIJIOBOTO IMOTOKA q_(t) U TPAJMEHTOM TeMIIeparyp

q(t)z —IgradT(t).

B nmanHo#f pabote MBI Oynem paccMaTpHBaTh
miuddepeHmanpHple ypaBHEHUST C JPOOHOW MpPOM3-
BOJIHOM 110 BpeMEHH BUA
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1T _ 21T
2 qit?
KOTOpbIE IOJy4eHbl Onarofaps OOOOIIEHHIO 3aKoHa
@ypre, NO3BOJAILIEMY YYUTHIBATh HEJIOKAJIbHOCTh
TCIJIOBBIX ITPOLECCOB
19,
q(t)= -——~—(t-t)* ‘gradT(t)dt
Q() G(a)ﬂto( ) g ()
0
O<afl.

[Ipu BBIBOZIE ypaBHEHUS C JPOOHON POU3BO-
HOM y4T€HO, YTO

T - ot 0 Tetlae
qt Gl-a), It
O<acx<l
¥ ABJISIETCS IPOM3BOAHOM B cMbicie KamyTo, a G(Z) -
ramma-yrkus Diinepa [3].

Heab pa6oThI

PaccMOTpHM CHCTEMY, COCTOSILIYIO U3 OIpaHH-
YEHHOTO M I0JyOECKOHEYHOTO CTEPIKHEH, MMEIOIIHX
pasinyHble TEIIO(QU3NIECKUE ITOCTOSIHHBIC M IIPE-
TOJIOKKM, 9TO GOKOBBIE MOBEPXHOCTH CTEPIKHEU Tel-
JousonupoBaHusl (puc. 1), a Ha OJHOM M3 KOHIOB
OrPaHUYCHHOTO CTEPIXKHS [OAIEPIKUBACTCS ITOCTOSIH-
Has Temmeparypa [3].

T: R T,

0 ai= l/(ciry)

a, = 1/(cory)

Puc. 1 — Cocmasnou cmepaicens
u e20 menjogusuuecKue noCMosHHbie

Lenb paboThI COCTOUT B OIpECICHHH TEMIIe-
paTypHBIX MOJICH B COCTaBHOM CTEpIKHE.

H310:keHNEe 0OCHOBHOTO MarepuaJja

Bynem cuurtath, 4TO TemmepaTypHOE IIOJIe
OTIMCHIBACTCS YPABHCHUSMH C IPOOHBIMHU 10 BPEMEHHU

C Ha4aJIbHBIMHU YCJIOBUAMU

T,(x,0)=0, T,(x,0)=0, (3)
I'paHUYHBIMHA YCJIOBUAMU
T,(0, t) =T, = const, lim T, (x,t)=0, (@)
X

a TaKXKe YCIOBHSAMHU UICAJIBHOTO TEIUIOBOI'O KOHTAKTa
mpu X = R

Tl(R, t) = TZ(R, t), (5)
ﬂTl(X,t) _, 11, (X,t)

I, —— =1,—— . 6

' ﬂX x=R ? ﬂX x=R ( )

Jna pemenus 3amadv BOCIOIB3yeMCS OIepa-
LHOHHBIM METOJOM U mepeiinéM K H300paKeHUsIM
Jlanmaca. Ypasuenus (1), (2) ¢ y4étomM HavambHBIX
YCIIOBHUI PHOOPETAIOT BU

127, (x,s) 52

L _a_T1 “(xs)=0, (7
1
-
%(ZX,SJ_Z_ZTZ*(X, 5)=0. ®)
2

3I[CCB TAaKXKE YUYTCHO, YTO
JIUC 08 oy, )- Fsn bl o)
fit % i=0

n-l<aé£n.
3/ech CHMBOJIOM « » OTMEUYEHO H300paKEeHHe
Jlammmaca ¢yHKIHH u(X, t). VYpasuenus (7), (8) sBis-
FOTCSL OOBIKHOBEHHBIMH () (DEpeHIMATBHBIME YPaB-

HCHUSAMHU OTHOCHUTCIIBHO I/I306pa)I(€HI/II71 T*(X, S) n ux
peUICHUA UMCIOT BU.
. a/2 ) 2 Sa /2
T, (x,s)=C, exp Xt +C, expg-
&
. ® Sb/z 0 ® Sb/z 0
T, (x, s) =D expg— x:+D, exp§— —XzI,

rne C;, C,, Dy, D, — npon3BosibHbIE TOCTOSIHHBIE.
VYuuThIBasg rpaHUYHOE YCIIOBHUE Tl(O, t) =Ty u
ycioBre Ha OECKOHEYHOCTH, ITOTYIUM

T
npou3BoIHBIMH [4, 5] c,=-2-C,, D =0.
a 2 S
1 Tl(X, t) = a? 1 Tl(xv t), 1) Jlanee, ymOBIETBOPAS YCIOBHEM HIEATBLHOTO
2 x> temioBoro kourakta (5), (6) mpuxomum Kk cucTeme
0<x<R, O<acx1l, JUHEHHBIX anreOpandeckux YpaBHEHHH OTHOCHUTEIb-
ﬂbT2 (X, t) 2 ﬂsz (X t) , HO Hem3BecTHBIX oka C; u D,
1.“:b 2 ﬂX ’ ( )
R<x<¥, 0<b«<1
i 2 Sa/Z Sb/2 2 a /2
'|'23h§ R: C1 - expg— —R: D2 = ——expg
|, a4 7 a, 3
1
121,572 2s¥? ¢ b2 g P2 3§ a/2T I, & s¥2 ¢
-:1—ch§ RIC, + expg RID, = - 01 expg— R:.
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Pemiennie cuctemMbl MNOAy4YMM C TOMOILIBIO T a2 § 2 &2 §
0 S ks o
tdopmyn Kpamepa - —expt- RY exps - RY
S a § a
C = Dy D, = Dy Dy = a/2 a/2 a/2 !
17D "D -s¥°Tyl4a & 0 g 0
D D 07192 0ynC =% R* ayl,sP/2C R*
roe S g ay 5 2 p
Esa/z 0 & Sb/z 0 a/2 a/2
2sh - exp¢-—R? &s 9 9
{a fa pg a, ; 2sh¢=——R" - Zexpl-—R>
D= 2t L D, = fa S 4
8582 0 g &2 § 2= ) ) &
2azllsa/zch0a—le ay 1,522 exp§— o R: 22, 1,5%2ché / 9 -s¥Tgla,  &-s¥ RQ
’ ’ %) s fa g
Pewas cucremy, noiaydum
-1
é a/2 s¥2 s¥2 gl
C, =—°él1(a2 2 _a b/z)exp§ R uea Izsb/zsh§ R +a2I sa/zchg—R 0
S8 & ghé 19 & g
-1
T. € 2 a2 252 §oU é a/2 2s/2 ol
D, = —Of;sa/leGalshg R+ azchg RIZ0 éayl, sb/zshg—R +a, Ilsa/zchg—R i
S & g & gl 8 a CI
Otcrona
. -1
T, T,¢ B a2 2 53/2 s¥2 ol
C,=-2- —Oéll(azsa/2 - alsb/z)expg— R: ueall 2sb/zshg—R + azllsa/zchg—R 0
S S§ & g8 & g & g
Takum 06pa3om, penieHne B n300paKCHUAX UMEET BUJT
. -1
« 21T, g s¥2 0 as¥? §é ga/2 s¥2 ol
T, =10 (azs""/2 —alsb/z)expg— R:shg Xt eallzsb/zshg—R +a, Ils""/zchg—R 0+
y 5 g 5@ a g 4 g
T, & 32 0
+—exp&- XZ
s a,
. -1
- ® é $Sa/2 o -] a/2 0[‘] ? Sb/z 09 a/ a/2 o[‘] T
T, = ‘Esa/zlléalshg R+ azchg R: uexpg——X" eallzsb/zshg RY+ azllsa/zchg Rzl 2
g 8 YR a g 8  gyb YR a g4 S
OO0pareHre MONMYYSHHBIX BBIPOKECHUN Tpen- " 5
par y p pen " a/z a/zgae & 2R 4200
CTaBISACT 3HAYUTEIBHBIC TPYIHOCTH M TpeOyeT MpHu- S g expg ;él— expg——s i
BJICUCHUSI YUCIICHHBIX METO0B [6, 7]. & ﬂ & g & 29
B ar10it cBsI3U paccMOTPUM aCUMITOTHYECKOE U, CJIEIOBATEILHO,
noBeneHue pernennii mpu t ® 0. Jlamee BOCHONB3Y- hae R _apd 1 a/ZO
eMcsi TeM (haKTOM, 4YTO TOBEACHUE H300paKeHUS S g—s I»— eng
& g 2 & g

U*(X, S) Ha OeckoHeunoctu (S® ¥ ) ompexaenseT
ACHMITTOTHYECKOE TIOBEICHHUE PEIICHUS u(X, t) BOJIH-
3u Hyns. Jlroboe MOJOOHOE COOTHOLICHHE MEXKIY
U*(X, S) " u(x,t) Ha3bBIBaeTCs TayOepoBOil Teope-

MOH. YUHUTHIBas CKa3aHHOE, UMEEM

mpu S® ¥.

AHaJIOTUYHOE COOTHOIIEHUE CIPABEATIUBO U
IS TUTIEPOOJIMYECKOTO KOCHHYCA.

Takum oOpa3om, ansd OONBIINX 3HAYCHUHN TIe-
PEMEHHOI TpeoOpa3oBaHUs S UMEEeM MPUOIIKCHHBIC

* *
BbIpakeHUs Uit Ty u T, @

T -] a/2 0 ? a/2 0 1 T ? a/2 0
= —°2I1(a2'5‘"‘/2 - alsb/z)expg— > R:exp§ X3 [all ,8%2 + azllsa/z] 0 exp§ S x5, (9)
0<x<R.
. @ a/2 0 1
T, =T—°I1(al+a2)sa/2 expg— Xt [allzsb/z +azllsa/2] , R<x<¥. (10)
S 2 )
U, HakoHell, B YaCTHOM City4ae, korja a = b seipaxenus (9) u (10) nprobperaror Bu
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. ® a/2 0 _ ® _ a/zb
T, (x, s):T—Oexpg— > X3+ 2T°|1(a2 al) ng_ (2R X)S T ,0<x<R, (11)
s a 5 Slal,+al) a P
. ® a/2 0
Tz(x,s)zT—OMexp _5 % R<x<¥. (12)
s yl, +a,l, a g
Yro6el B BeipaxeHusx (11), (12) mepeiitu kU, Kpome TOTO,
OpUTrHHaJIaM, 3aMETUM, YTO 0 L‘l} F(S)lj _ (t) . (t)dt
Lol asg)}=tg—+1M(9: at?), s by
Torma
L E ()
rae M(g, Z)= a | ,
kzok.Gi—gk +1—gi
t ® a/2 0 _ t _ ? a/2 o
Tl(xvt):To(\)imM a. t—det + 2To14 (2, al)(\)i 2R2+1X M2 t_(zR - x)zdt,
0 2a,t? 2" a al, +al; j2a t¥ 2" a P
+ t ® a/2 O
TZ(X,t)zTOIZ(al 3,) | a:/2+1|\/|§i;t_xidt-
ayl, +al 0 2a,t 2 a8, 4

OO0cysknenne pe3yJbTaToB

C nomouip0 METOOB ONEPALUOHHOTO HCYHC-
JIEHHs TOJIy4EHO B 3aMKHYTOM BHUJE PEIICHUE 3a]a4u
AQHOMAJIBHOW TEMJIOMPOBOJHOCTH, TO €CTh IOIy4eHa
BO3MOXHOCTb BBIUMCIICHHS TEMIIEPATYP KAK B KOHEU-
HOH, TaKk ¥ OECKOHEYHOH 4acTH CcTepkKHs. YuciieHHbIe
pe3yabTaThl MOTYT OBITH IOJTyYeHB! 0e3 MPUMEHEHHUs
CJIOKHBIX BBIYHMCIUTENIBHBIX AJITOPUTMOB, YTO IPEA-
CTaBJSIETCA MOJIE3HBIM B HHXKEHEPHBIX pacuérax Hu
MOTYT OBITh NPUMEHEHBI IPH HCCICIOBAHUU TaK
Ha3bIBaE€MBIX NIEPEXOIHBIX MPOLIECCOB.

BriBoabI

B pabore momydeHo pemieHHe 3agadd aHO-
MaJIbHOM TEIUIONPOBOJHOCTH B CHUCTEME OTPaHMYEH-
HOTO M IIOJyOrpaHHYEeHHOro Ten. B olOmem ciydae
pelnieHre moiay4eHo B n3obpaxenusx Jlarmaca, obpa-
IeHHe KOTOpPOro TpeOyeT MpUBIICYSHHS] YUCICHHBIX
MertonoB. OfHAKO, B YaCTHOM ciydae a = b pemieHue
JUIA MaJIBIX BCJIMYHMH BPEMCHU IIOJYYCHO B aHAJIUTH-
YCCKOM BUIAEC U IPEACTABIICHO B BHUJC CTCIICHHBIX pA-
JIOB WK GYyHKIMH MauHapu.
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